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One-Dimensional Micromechanical Analysis
of Woven Fabric Composites

Takashi Ishikawa* and Tsu-Wei Chout
University qf Delaware, Newark, Delaware

The upper and lower bounds of elastic stiffness and compliance constants of woven fabric composites are
derived, based upon a inosaic-like model as well as the assumptions of constant stress and constant strain. An
approximate analysis taking into account fiber undulation and continuity also is conducted. Fiber undulation
leads to a slight softening of the in-plane stiffness and does not affect the stretching/bending coupling constants.
A transverse shear deformation is adopted and modified to examine the one-dimensional bending response of
fabric composites. The results of a two-dimensional finite element analysis are in good agreement with the
predictions of the in-plane, coupling, and bending constants based upon the fiber undulation, mosaic, and
transverse shear deformation theory, respectively. The effect of fiber undulation shape on the in-plane com-

pliance also is investigated.

Nomenclature

Ay(x) LA ; =local and averaged in-plane stiffness
aj(x),a;  =local and averaged in-plane compliance

a =width of a thread
a, B =length of undulation
B;(x),B; =local and averaged bending/stretching

coupling stiffness

b (x),b}; =local and averaged bending/stretching
) coupling compliance
D;(x),D; =local and averaged bending stiffness
dj(x),d;  =local and averaged bending compliance
E =Young’s modulus
G =shear modulus
h =thickness of a fabric composite plate
h;(x) = shape function of undulation
k =a parameter for the transverse shear defor-
mation theory
N, =membrane stress resultant
M; =moment resultant’ .
n, =number of geometrical repeats in fabric
structure
P, = lateral pressure in cylindrical bending
oy = elastic stiffness matrix
U0, w =displacement in the x,y,z, directions,
respectively
X, V,2 =Cartesian coordinates ‘
134 = strain components at the geometrical midplane
K; =curvature at the geometrical midplane
0(x) =local off-axis angle in fiber undulation
v =Poisson’s ratio
Superscripts
F = quantities of a fill thread
w = quantities of a warp thread :
ao = quantities of a cross-ply laminate consisting of
o material ‘
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I. Introduction

WOVEN fabrics constitute an important form of rein-
forcement for plastic matrix materials. Conventional
orthogonal weave fabrics provide bidirectional reinforcement
in a single layer, have better impact resistance than tape
laminates, and provide more balanced properties in the fabric
plan than unidirectional laminae.! Although the structural
efficiency of fabrics is not as great as that of unidirectional
fibers, the ease of application and the resulting low
fabrication cost have made fabrics attractive for structural
applications.

In spite of the ever-increasing use of woven fabric com-
posites, there is a lack of fundamental understanding of their
thermo-mechanical behavior. The purpose of this paper is to
investigate the corrlation between fabric structure and elastic
properties. To facilitate the discussion, a brief review of the
geometrical aspect of woven fabrics is provided.

All fabrics are formed by interlacing two sets of threads. The
pattern of interlacing can be understood from the two-
dimensional representations of Fig. 1, where the vertical and
horizontal threads are known as the warp and fill threads,
respectively.?3 The various types of weaves can be identified
by the repeating patterns in both directions, defined by the
two geometrical quantities #f and nyY. The number nf.in-
dicates that a warp thread is interlaced with every ng-tfl fill
thread. Likewise, nY means that a fill thread is interspersed
with every ny-th warp thread. From here on, only the term
““interlaced’’ will be used to denote the area where the fill and
warp threads cross over each other as shown in Fig. 1. The
present analysis is restricted to the case of n}= ng =n,.
Because this study is restricted to fabrics with only one type of
fiber, no material parameters such as thread width ratio and
relative fiber volume fraction need be considered.® Fabrics
with n, >4 and with interlaced regions that are not connected
are known as satin weaves. As defined by their , values, the
fabrics of Fig. 1 are known'as plain weave (n,=2), twill
weave (n, =3), four-harness satin (n, =4), and eight-harness
satin (n, =8).

Ishikawa* and Ishikawa and Chou’ first adopted a mosaic
model to derive the upper and lower bounds of elastic moduli
of nonhybrid as well as hybrid fabric composites. This ap-
proach is different from that of some existing theories by, for
instance, Kimpara,® Hirdi and Senba,” and Kabelka.®? The
basis of idealization of the mosaic model can be seen from
Fig. 2. Figure 2a is a cross-sectional view of an eight-harness
satin. The consolidation of the fabric with a resin matrix
material is depicted in Fig. 2b, which can be simplified by the
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mosaic model of Fig. 2¢c. The key idealization of the mosaic
model is the omission of the fiber continuity and undulation
that exists in an actual fabric. A brief description of this
analysis approach is given in Sec. II. One of the objectives of
this paper is to assess the validity and applicability of the
mosaic model and the problems resulting from the sim-
plifications. A one-dimensional model that takes into account
the effects of fiber undulation and continuity is developed in
the present analysis, However, for large n, values, such as in
the case of eight-harness satin weave composites, this one-
dimensional analysis of a strip-like material is not suitable to
obtain the two-dimensional elastic properties in general.

Another objective of this paper is to consider the transverse
shear deformation that has a significant effect on the bending
rigidity of fabric composite plates. The theory developed by
Yang, Norris, and Stavsky® and extended by Whitney and
Pagano!? is adopted for the present analysis.

Finally, some finite element calculations are also carried
out to confirm the validity of the fiber undulation model and
approximation involved in the transverse shear calculations.
Then, general conclusions are drawn regarding the predictions
of elastic properties of woven fabric composites based upon
these various approaches.

II. Mosaic Model and Bound Approach

As shown in Fig. 2c, the continuity of fibers in the thread
direction is neglected in the mosaic model. A fabric composite
idealized by the mosaic model (Fig. 3a) can thus be regarded
as an assemblage of pieces of asymmetrical cross-ply
laminates (Fig. 3b). Based upon classical laminated plate
theory under the assumption of Kirchhoff-Love hypothesis,
the constitutive equations are written!'13 for /, j=1, 2, 6 as

N; _ A; By ej(’ o
M; B;, D K;
or, in the inverted form
IEA MNj "
K; by di | M,
In Fig. 1 the repeating region of each fabric is enclosed by

dashed lines. Also, in Fig. 1 the top side of the fabric is
dominated by the fill threads, whereas the bottom side is
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Fig. 1 Examples of woven fabrics: a) plain weave (ng =2), b) twill
weave (ng =3), ¢) four harness satin (n =4), and d) eight harness
satin (n =8).
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dominated by the warp threads. Figure 3a depicts the mosaic
model of a repeating region of an eight-harness satin weave.
In the bound approach, the two-dimensional extent of the
plate is simplified by considering two one-dimensional models
where the pieces of cross-ply laminates are e1ther in parallel or
in series as shown in Figs. 3¢ and 3d.

In the parallel model, a constant strain state in the laminate
midplane is assumed as a first approximation. For the one-
dimensional repeating region of length n.a, where a denotes
the thread width, an average membrane stress N, ; is defined as

N—LS N,dy=A%e0 + A% 60+(1
1 1 i1%17 12%2

2)
Bcwz 3
n.a n I ()

&

where the factor [1 —(2/n,)] appears because the terms Bge
for the interlaced and nonmterlaced regions have opp051te
signs. Other average stress and moment resultants can be
derived in a similar manner. Let 4, B, and D be the stiffness
matrices relating the average stress resultants N and moment
resultant M, with €% and x. We obtain

A = Ao

i

_ 2 _
By=(1-2 )8y Dy=Dy @
ng

These  components provide upper bounds to the stiffness
constants of the fabric composite based upon the one-
dimensional model. If these stiffness constants are inverted,
lower bounds of the elastic compliance constants can be
obtained. All the elastic stiffness constants A, B, and D are
computed based upon the basic laminate where the top layer is
the fill threads (Fig. 3b).

In the series model, the disturbance of stress and strain near
the interface of the interlaced region is neglected. Let the
model be subjected to an in-plane force N, in the longitudinal
direction. The assumption of constant stress leads to the
definition of an average curvature

_ 1 (e 2\,
"1=*SO K, dx= <I—n—>b17‘°‘1\(1 &)

n.a g

Let ¢*, b*, and d* be the compliance matrices relating the
average midplane strain €’ and curvature x with the stress
resultant N and moment resultant M. Thus,

=[1~(2/n,) b3

ay=ape, d; =dype 6)
Equations (6) give the upper bounds of the composite com-
pliance constants and, after inversion, the lower bounds of
the stiffness constants. In summary, both upper and lower
bounds of the elastic stiffness and compliance constants can
be obtained from the mosaic model.’

IIl. Fiber Undulation Model

To consider the continuity and undulation of fibers in a
fabric, a fiber undulation model (FUM) is developed in this

(c)

Fig. 2 Idealization of the mosaic model: a) cross-sectional view of a
woven fabric before resin impregnation, b) woven fabric composite,
and ¢) the idealization of the mosaic model.
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section. Figure 4 depicts the geometry of fiber undulation
expressed in the form of £, (x) with the length of @,. The
thickness of the undulated fill thread is 4/2, one-half of the
plate thickness 4. The value of @, can be arbitrary in the range
from 0 to a. If g, is specified, the locations of the points ¢,
and g, arc automatically determined by the relations
a,=(a—a,)/2anda,=(a+a,)/2.

The theoretical analysis is again performed based upon
classical laminated plate theory. The model is essentially an
extension of the series model used for the derivation of the
upper bound of the compliance constants (Fig. 3d). However,
unlike the previous case, af;, b}, and dj; depend on the

coordinate x. For a uniformly appllled in- plane stress resultant
" N,, the average in-plane compliance of the composite is
defined by

2 nya/2 .
a§;=@ Sloga ay(x)dx @)
Because a¥; 7 (x) is a constant within the straight portion of F1g
4, Eq. (7) can be modified as

ay=(1-2)aper 2 (Zarax 8
n,a @y nada Y * ®)
Note that a~ denotes the in-plane compliance for the straight

portion. The other compliance coefficients, b* and d* can be
obtained in a similar manner,

_ n,—1 a a a
([5Gl
y 2 ¢ 2) 272 /1%
+Sa2b;(x)dx}/("ﬁ)=(1——)bw +—2—Sa2b;j-(x)dx
a9 2 g nga agp

®

- 2a, 2 (@
dr= (1—nga>d;;! +ES od,-,-(x)dx (10)

Equations (8-10) coincide with the upper bounds of the
compliance in Eqgs. (6) as @, tends to zero. Thus, the problem
is now reduced to the evaluations of the integrations in Egs.
(8-10).

The angle between the local fiber orientation and the global
coordinate system, denoted by 8(x), is

0(x) =arctan[dh; (x) /dx] an

The nonvanishing of this angle implies a reduction of the
effective elastic constant in the x direction of the fill thread.
Two methods are used for the evaluation of such reduction.
The first method is to use the following two-dimensional
transformation formulas of off-axis elastic moduli!4

FE(9) =1/(#/EF+ (1/GE, — 2vF,/E,) Gm3 +m}/EF)

vE (0) =vE L +vEm]
GE(0) =GE 8 +GEm]
Ef(0) =Ef=EF | (12)
where £, = cosf, m, =sinf. Note that the transverse isotropy in

the y-z plane of the fill thread is taken into account. The local
stiffness of the undulated portion is thus given by

EZ(6)/D, ELyE (6)/D, 0
£(6) = | ELVE(0)/D,  ET/D, 0 (13)

0 o G5, (0)
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wherei, j=1,2,6and D —1~V5 (6)2 Ef/EL(9).
The second method is to directly tfansform Qf of the
nonundulated thread as,

5 (9) = Q5,4 + 205 6m} + QF,m{ +4QL6m3
55 (8) = Q5,3 + Qf,m}
", (0) =058 + Q5m]
5, (0)=0Q%, other Q;=0 (14)

Comparisons of the approaches as represented in Eqs. (13)
and (14) are given in Sec. VI.

Once these transformation formulas are established, the
local plate moduli, 4;(x), B;(x), and D;; (x) can be easily
calculated from

h/2

Ay (x),By; (x),Dy ()] = S_MQ,,w) (Lzz2)dz  (15)

namely,
hy(x) ~h/2 hy(x)
A,-j(x)=g Q;de+5 Qf(6)dz
—h2 hy(x)—h/2
/2
+S QMz=[QF+Q5(0)1-h/2
hyp(x)

h[h?
By =5 [~y 0 |104-0510))

1 h 3 3 )
D, =300 5 —5Hlh, (x)12+2h2h,<x)}

3
4+ QF(B){—+ hly ()1 —Zhﬁ’h,(x)} (16)

The local compliance coefficients, a7; 5 (x), by (x), and d}, (x)
can be obtained by inverting A4 ; (x), BU (x), and D (x) in
Eq. (16). Thus, we have explicit expressions of the integrands
in Egs. (8-10), although they are very lengthy. Therefore,
these integrations will be evaluated by a numerical technique.
A shape of the undulation, 4, (x), should be specified to
simulate the ‘actual conflguratlon The following sinusoidal

function
h,(x):{sin[( —g)ai]+1]h/4 17

u

is chosen for the purpose of illustration. The mosaic model
can be described by a step function as

0; x=<a/2
hy(x) = { h72;  a/2<x

Equation (18) is wuseful for checking the numerical
calculations. )

Because the present analysis considers a one-dimensional
strip of a fabric, it is not suitable to determine nonaxial
constants such as 4}, as compared to axial constants. Reliable
shear related constants such as @%, or A, are obtained;
however, they are not present in this paper for reasons of
brevity.

(18)

IV. Transverse Shear Deformation

The afrorementioned approximate theory based upon fiber
undulation cannot satisfactorily predict the bending behavior
as will be shown later, although it gives reasonable results for
aj; and bj. The main reason for this deficiency in df is at-
trlbuted to a transverse shear deformation, Wthh is in-
vestigated in this section.
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A survey of the literature concerning transverse shear can
be found in Ref. 11. The theory developed by Yang, Norris,
and Stavsky® and extended by Whitney and Pagano!® is
employed here because it is more suitable for the present
approximation purposes than, for instance, the theory
described by Ambartsumyan. 13

A fundamental point of the theory of Ref. 10 is the in-
troduction of ¥, and ¥, and the following assumption for the
displacement field:

u=ul(x,y) +zy,(x,)
v=0v0(xy) +2¢,(xy)
w=w(x,») 19

where the superscript 0 denotes the quantities at a reference
plane. Instead of —dw/dx and —Ow/dy in the classical plate
theory (CPT),!512 . and ¢, are adopted in this theory, which
is referred to as a modified shear deformation theory
(MSDT). General governing equations are given in Refs. 9
and 10. If a cylindrical bending state is considered, the
governing equations for the one-dimensional case can be
simplified as follows:

a?uf %y
Ay TBnga =0
&N, Fw
kA <~’—(+——)+ =0
s\ax T oz /) TF
3%y 3%y ow
B“ExT +D“'a‘x"2£ —kA55 (\l/x+a—‘x)=0 (20)

where a parameter k is a factor for the transverse shear
resultants. %16 The range of k from % to unity is recom-
mended in Ref. 10. The value of %3 is employed in the present
paper. The maximum deflection for a simply supported plate
of a width n,a under applied load p=p,sinmx/(n,a), for
example, is ‘

Wonax = Winay +Pon2a2 /T2 kA 55 (21

max

where w’ __ is the CPT solution

max

Wiax =A”n;a4p0/7r4 (A;; Dy —B))

The in-plane extension under this load at x=01is

Uls_0y =B”n§a3p0/1r3 (A, D, —B3) (22)

This theory, however, is not adequate for treating pure
bending/extensional coupling problems without the applied
load p. In fact, this modified shear deformation theory
provides the identical solution to CPT under prescribed N,
and M,. In order to avoid this deficiency, the following
modification to the theory of Ref. 10 is employed. We sup-
pose that an increased bending deflection in Egs. (21) and (22)
can be attributed hypothetically to the modified plate moduli,
A}, By, and Dy, It is also assumed that the modified moduli
give the same in-plane extension. Thus, we have

Ay nia? nla?
4 _B?
w* (A D, —Bi))

' g4
- Apnia

2 ]

7?kAss 7 (A; D, —Bj)

3,3 ' 233

B nja _ B nia

3 _R? (A" D —
© (A, D, —Bj) w(A;D;—-Bj

(23
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Fig. 3 Mosaic model of: a) repeating region in an eighth harness
satin composite, b) a basic cross-ply laminate, c) parallel model, d)
series model. . :

K
'

Qo ‘ az
. a/2 (ng-1)a/2——

Fig. 4 Fiber undulation model.

Because B, is not susceptible to the transverse shear effect as
shown later, it can be assumed that B,, = Bj,. Thus,

w2 (A, D, —B2,)
A’ =A + 111 11
11 nT - _n—i’ a————z kA,
w2 (A, D, —Bi)) ]

24
nla’kA;; @4

Dj, =AuDu/ [Au +

Equation (24) represents a decrease in Dy, as well as an in-
crease in A}, due to the finite value of A4 ;;. Equation (24) will
be applied for a modification of the previous solution based
on the mosaic model.

V. Finite Element Analysis

The applicability of the approximate theories presented in
Secs. II-I'V is examined by conducting a finite element analysis
of the fiber undulation problem. The finite element computer
program named EPIC-IV and developed by Yamada and
Yokouchil? is modified for the present. purpose. This program
is suitable for static elastic-plastic analysis of plane stress,
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plane strain, generalized plane strain, and axisymmetric
problems. The capability of treating a generalized orthotropic
material behavior is incorporated into the program. The
transformation of elastic constants from the Jocal coordinate
system to the global system is required for finite element
analysis of the fiber undulation problem.

Figure 5 depicts the geometry of two one-dimensional
models used in the finite element analysis. The cases of n =2
'3, and 4 are considered for the sake of economy in computing.
The finite extent of the representative regions chosen for
computation can reflect the one-dimensional behavior of the
fabric composite when the boundary conditions are ap-
propriately specified. At the left ends of the models in Fig. 5
the x displacement as well as the z displacement at the center
node are prohibited. The boundary conditions at the right
ends of the models are approximately satisfied by attaching to
the boundary a tip region of an imaginary material with
extremely high shear modulus of G,;. The purpose of adding
these tip regions is to insure that the end surfaces will remain
straight under loading. Two types of loading on the tip
region, uniform and pure bending (a linearly distributed load
that vanishes at the midplane), are applied. Other boundary
conditions, including ends without the tip regions, and
concentrated instead of distributed loads are also examined.
Preliminary results show that, as far as the left halves of the
computation models are concerned, there is virtually no
difference in the deformation and stress states with these
different boundary conditions.

Figure 6a depicts a mesh subdivision for the fiber un-
dulation model. The sinusoidal function of Eq. (17) is
assumed for comparison purpose. Mesh patterns are shown in
Fig. 6b, and they are adopted for the mosaic model according
to the required accuracy. The convergence characteristics of
these mesh patterns are discussed in Sec. VI. Also both plane
stress and generalized plane strain conditions are considered
to ascertain the Poisson’s effect.

Material properties of a graphite-epoxy fabric composite at
60% of fiber volume fraction are given in Table 1 for

I Tip Region

a)

= @

O
by | f

Fig. 5 Two types of one-dimensional models for finite element
analysis: a) mosaic model and b) fiber undulation model.

Table1 Properties of unidirectional graphite-epoxy material,

GPa for moduli

Property Warp Fill Tip region 7
E, 8.82 113.00 196.00
E, 8.82 8.82 8.82
Vo 0.495 0.3 0.4
G,, 2.95 4.46 392.00
E, 113.00 8.82 8.82
Vs 0.3 0.0235 0.018
Ve 0.0235 0.495 0.4

o 4.46 4.46 392.00
G, 4.46 2.95 3.15
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numerical calculations. Note that the transverse isotropy in
the y-z plane of the fill thread and in the x-z plane of the warp
thread? is taken into account for properties required for the
generalized plane strain state. Furthermore, the value of G,,
of the imaginary material is assumed to be nearly 10 times
that of the fill thread for reasons mentioned before.

V1. Numerical Results

Numerical calculations are conducted for the case of
graphite fabric in an epoxy matrix (Table 1). The geometrical
parameters a, 4, and a,, are chosen to be 1.0, 0.4, and 0.6 mm,
respectively, unless otherwise stated. Although a comparison
between theory and experiment is omitted here for the sake of
brevity, Ref. 18 provides good correlation between analyses
and experiments.

Convergence Characteristics of Finite Element Analysis

Convergence characteristics of the finite element analysis
for the mosaic model of n, =3 are shown in Fig. 7. The a7,
and b7, values are shown as functions of the number of nodes
in the finite element mesh (NV,o4,.). Npoq. values corresponding
to the mesh patterns of Fig. 6b are also indicated. The finite
element results are compared in Fig. 7 with those of the upper
bound predictions based upon the mosaic model [Eq. (6)].
The convergence is satisfactory for medium mesh size, and the
overall agreement between these two approaches is reasonable
considering the uniform stress resultant assumption in the
derivation of the upper bounds of compliances and the
requirement of the equilibrium of force in the x direction in
the finite element analysis.

Results indicated by solid circles in Fig. 7 are based upon
the plane stress assumption, whereas + denotes those for the
generalized plane strain. There is almost no discrepancy
between these two states. Therefore, from here on only plane
stress results are presented, unless otherwise stated.

ayy

Figure 8 shows the relationship between the in-plane
compliance 43, and the inverse of the geometric repeat
number n,. Resulis of several different approaches are
presented. The mosaic model (MM)! is used to predict the
upper and lower bounds (UB and LB). The fiber undulation
model (FUM) is applied to derive the reduced modulus (RM)
from Eq. (13) and the reduced stiffness (RS) from Eq. (14).
The finite element method (FEM) is applied to the two-
dimensional mosaic model and fiber undulation model as well
as the three-dimensional mosaic model.4

zT ou

g
h W
g
__—6) 7
a) as2 B ——
x
4 :
b) 1) Coarse 2) Medium 3) Fine 4) Extra Fine

Fig. 6 Fiber undulation model: 2) mesh subdivision (a,/h=1.5), b)
mesh patterns.
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The results of two-dimensional FEM-MM for n e=2,3, and
4 .agree well with those from the UB also derived from the
MM. The approximate analysis of FUM-RM gives solutions
much closer to those from the two-dimensional FEM-FUM
than the FUM-RM analysis. The two-dimensional analysis
also indicates that fiber undulation results in lower in-plane
stiffniess or higher a3, values, and that this finding is con-
sistent with the predictions of the approximate methods of
FUM-RM.
. In Fig. 8, a three-dimensional finite element analysis (3-D
FEM-MM) is.also presented for an eight-harness satin weave
composite. The result deviates significantly from that of the
UB-MM. This fact implies that the present model is not fully
descriptive of the mechanics in satin weave composites where
n, is large. Therefore, an improved analytical model is
presented in Ref. 18 particularly for satin weave composites.

0.2
T/\
€ L J
=3 -
o e
= - Z
2 o 7#“.__—‘ 0.l X
* = — b v — | il
o I =t . uB - TD_
95 :
L 4
- E
ool 0 0 oo 1o, . OO
0 200 400 600
T ! { Noose
Coarse Medium Fine  Extra Fine

Fig. 7 Convergence characteristics of the finite element analysis for
the mosaic model of n, =3 as functions of the number of nodes in the
finite element mesh (7\’“0‘,6). t: Results of generalized plane strain
state (see Sec. V). .

0.
Tf—u.
E
g
2
* =
[{-]
0.05
r MM-LB
B ® FEM for FUM
o FEM for MM
o 4 FEM for 3-D MM
0.0 1 1 1 1
0.0 al .02 0.3 0.4 0.5
I/n

9
Fig.8 Variation of averaged in-plane compliance with 1/ n,.
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Two opposing factors can affect the in-plane compliance.
First, the elastic stiffness is reduced as can be seen from the
results of Eq. (12) or (14). This reduction in stiffness gives rise
to increase in the in-plane compliance. Second, the reduction
of the local coupling effect due to fiber undulation leads to the
decrease of in-plane ¢compliance. It can be seen from Fig. 6,
for instance, that the local coupling effect reduces from its
maximum value at the nonundulated portion of the fill thread
to zero at the midpoint of the undulated portion, where the
arrangement of the fill and warp threads is symmetrical.

11

The relationship between the coupling compliance 5}‘1 and
1/n, is demonstrated in Fig. 9. The results from the ap-
proximate analyses of RM and RS coincide exactly with those
of the UB prediction. This fact can be easily understood by
considering the fact that the second term of Eq. (9) vanishes
due to the assumed asymmetrical shape of fiber undulation
and, hence, the odd-function representation of b} (x) with
respect tox=a/2. :

The two-dimensional FEM analyses based upon the MM
and FUM provide essentially identical results for n,=2, 3,
and 4. Moreover, the two-dimensional FEM results are in
good agreement with the UB predictions. Thus it can be
concluded that symmetric fiber undulation such as the one
assumed in Eq. (17) does not affect b_}‘, and that the upper
bound prediction based upon the mosaic model is adequate.

T g
dII

Numierical results of @%, are given in Fig. 10. FEM solutions
for both MM and FUM are extremely close to each other for
the n, values examined. Unlike in the cases of a7; and b7, the
FEM solution results are quite different from those the UB
approach, which is based upon classical plate theory (CPT).
This is the reason why the modified shear deformation theory
(MSDT) is introduced (Sec. 1V). The results of this theory for
the MM indicated by a dashed curve coincide fairly well with
the FEM results, and the MSDT appears to be adequate for
predicting d%,.

Effect of Undulation Shape

Figure 11 demonstrates the effect of fiber undulation shape
on 47, obtained by the approximate ahalyses of FUM-RM.

-0.6
+ FEM for FUM
| o FEM for MM
4 FEM for 3-D MM
-0.41
a
D 2
-
5 s
* =
£
-0.2+
uB
L LB
0.0 I t X 1
0.0 0.1 0.2 0.3 0.4 0.5

[/ng

Fig.9 Variation of averaged coupling compliance with 1/n o
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FUM-CPT _J
10.0} -
| + = MMMSOT ]
- / /, s
= r .~ o — /s -~
' e ——
L ~—" - MM-UB
Zz .
* =
o B
5.0
" MM-LB
® FEM for FUM
- © FEM for MM
O,o A A 1 1
00 0.l 0.2 03 0.4 05

l/ng

Fig. 10 Variation of averaged bending compliance with 1/n ot

Q.13

a,/h

Fig. 11 Relationships between averaged in-plane compliance and
undulation length.

The geometrical parameters a, a,,, and /4 are defined in Fig. 6.
The calculations are performed for the range of a, /A values
from 0 to a/h, where the case a,=0 corresponds to the
configurations of a mosaic model. The results show that g%, is
susceptible to the undulation shape, particularly at small n
values. The highest g}, value, i.e., the lowest in-plane stiff-
ness, is obtained at around @,/h=1. On the other hand, the
a3, values at @,/h=0 and a/h are not far apart. Because in
actual fabrics ¢, may be fairly close to @ and hence
“a,/h=a/h, the mosaic model (a,/h=0) seems to be a con-
venient model to evaluate the in-plane stiffness of a fabric.

VII. Conclusions

1) A fabric composite can be idealized as an assemblage of
pieces of asymmetric cross-ply laminates. The upper and
lower bounds of elastic stiffness and compliance of fabric
composite plates in such.a mosaic-like model are obtained
based upon the constant strain and constant stress assump-
tions.
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2) An approximate analysis which considers the undulation
of fibers is conducted based upon a serial link model and
classical plate theory. The results of 4}, from the reduced
modulus analysis demonstrate that fiber undulation leads to a
slight softening in the in-plane stiffness as compared to the
mosaic model. However, fiber undulation has no effect on the
coupling constants. Therefore, the solutions of the coupling
compliances based on the mosaic model can be considered to
be reliable. The one-dimensional model developed in this
paper is successful in assessing the effect of fiber undulation
and continuity on the elastic properties of woven fabric
composites. Both the results of the fiber undulation model
and the mosaic model compare very favorably with the results
of the finite element analyses conducted in the present work.

3) In the case of D}, a transverse shear deformation
theory is adapted to examine the response of a fabric com-
posite plate under both cylindrical bending and lateral force.
For the purpose of the present problem, a modification to the
plate moduli A;; and D,; is introduced. The results agree
reasonably well w1th those obtained by the finite element
analysis.

4) Several two-dimensional finite element analyses are
carried out for a one-dimensional section of a fabric in order
to confirm the aforementioned approximate theories.
Convergence characteristics of the flmte element analysis also
are examined.

5) The effect of the shape of fiber undulation on the in-
plane compliance is investigated. The results demonstrate that
the values of @5, become close to those for the mosaic model
when the undulation is extensive. '

6) The bound theory based upon the mosaic model is useful
for a rough estimation of fabric composite stiffness
properties. The fiber undulation model provides a better
prediction capabilities than the mosaic model covering in-
plane and bending moduli. However, the fiber undulation
model is inadequate for evaluation of the elastic behavior of
satin weave composites with large n,. For these a more
refined analytical technique needs to be developed 18
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